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ABSTRACT. We give an example of a function p such that the Hardy-Littlewood 
maximal operator is not bounded on the generalized Lebesgue space Lp(~). 
1. INTRODUCTION 
Let f2 be a domain on R n, n C N. Let p be a measurable function defined on f~ 
having values in [1, ce]. For such function we define the generalized Lebesgue space 
L p(~) by 
LP(~) = {.f measurable on f~; fa ,Af(x)lP(~) dx < c~ for some A > O } . 
Since the functional fa If(x)l p(~) dx is a convex modular (cf. [6] for details), the set 
L p(~) can be endowed with the Luxemburg norm 
= dx<_ 1 , 
turning it into a Banach space. The spaces L p('~) have been investigated since late 
1980's because they constitute a natural functional setting in various applications 
(cf. [8], [7]). These spaces (together with Sobolev spaces built upon them) were 
first studied in [511 However, many properties uch as Sobolev-type embeddings or 
density of smooth functions turned out not to be sharp, unlike their analogues in 
the setting of classical Sobolev spaces. Some of these properties have recently been 
improved (cf. [7], [41, [2]). For classical operators of harmonic analysis as aiesz 
potentials, singular integral operators and, most naturally, the Hardy-Littlewood 
maximal operator acting on generalized Lebesgue spaces almost nothing is known. 
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The centered Hardy-Littlewood maximal operator is defined at every locally inte- 
grable function f on ~ and for every x Eft  by 
1 fa If(Y)I dy, (Mf) (x)  =sups>0 laC~B(x,r)l n,(~,r) 
where B(x, r )  = {y E N~; lY - x] < r} is a ball and ]E I is the Lebesgue measure 
of a measurable set E C It n. While it has been well-known for many years that the 
operator M is bounded on the Lebesgue space LP(f~) if and only ifp > 1, the problem 
of its boundedness on a generalized Lebesgue space L p(~) remained open. It is quite 
natural to expect that not only the values of p but also the quality of gradient of 
p will play a crucial role. In this note we present an example showing that if the 
function p(x) has a point of a very rapid increase, then the operator M cannot be 
bounded on the corresponding space L p(~). Since the dimension of the underlying 
domain plays no role and extensions to higher dimensional cases are quite obvious, 
we present our example in its simplest form, that is, on an interval in R 1 . The method 
we use was inspired by an example due to B. Kirchheim ([7, Proposition 2.35]) who 
showed that the LP(X)-boundedness cannot be inferred from a uniform boundedness 
in the classical Lebesgue spaces Lq on appropriate l vel sets. Recently, we were very 
pleasantly surprised to learn that L. Diening has proved ([2]) that, in a certain sense, 
our condition on p is sharp. He showed that when the increase of p is less rapid, 
then the Hardy-Littlewood maximal operator is already bounded on /2  (x). Finally, 
let us mention that the logarithmic continuity which plays a key role in our example, 
has also come to the picture in connection with regularity of solutions of partial 
differential equations ([10],[1]) and with the so-called Lavrentiev Phenomenon ([9]). 
2. THE RESULT 
Theorem. Let n = 1, ~ = (-1,1) c N 1 and 1 < Po < oo. Let ~ be a positive 
increasing function on [0, 1) such that ~(0 +) = 0 and 
(1) lim ~ (x) log  (x--~ =a~. 
x-40  + \Z /  \X / I  
Assume that p(x) < Po for all x e (-1,0] and p(x) = Po + qo(x) for all x E [0, 1). 
Then the maximal operator is not bounded on LP(~)(f~). 
Proof. It follows from (1) that 
lira ( 1 1) (1) p(2/2) log =-oo,  
whence 
1 1 
lim - = 0. 
~---~0 +
Therefore, for k E N, we can choose bk E (0, 1) small enough in order that 
1 
_<2 ~o 
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and, at the same time 0 < bk+l < ~ Having fixed such sequence {bk}, we denote 2' 
1 
ak = T and Ak = . Note that Ak > 1. Now, we set 
( -x )  for (-1, x E 0); 
g = EAkX(~,bk) and h(x) = 
k=l for x e [0, 1) 
Since p(x)  < Po on ( -1 ,  0) and Ah > 1 for every k E N, we have by (2) 
o~ oo 
h(x)  p(~) dz = "'k ~ -- < (bk - ak)A p° = A.., ~X-"  bk ;(ok) < 2 -k < oo. 
- I  k k=l  k=l  k-----1 
Next, let x E (ak, bk). Then 2x + bk < 1, since bk < ½, and 
1 /2~+bk l_l_f-~k l f_~ l~ h(y) ey > h(y) ey = ey = - - .  
(Mh) (x )  > 2(z + bk) ,*-b~ - 4bk J-b~ -~ b~ 8 
Thus 
1 oo 
(Mh)(x) > X e (0,1). 
k=l 
Therefore 
f01 1 oo rb~ 1 oo rb~A~ (~k) dx 
1 k-%, Av(=~)b 1E l  c~. =N/__ .  k k= = 
k=l  k=l  
[] 
1 ) --1 - -a  Example .  The functions qo(x) = (log (log(e + ~ )) or ~(x) = (log ~) , where 
0 < a < 1, satisfy (1). Of course, such functions approach 0 at 0 very slowly. 
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